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ABSTRACT 


INITIAL  INVESTIGATION  0?  AS  INDUCTIVE  COIL  TECHNIQUE 
FOR  THE  DETERMINATION  OF  THE  EQUIVALENT  ELECTRICAL 
CONDUCTIVITY  OF  A  T70  PHASE  LIQUID  METAL  FLOW 

Submitted  to  the  Department  of  Mechanical  Engineering  on  ■ 
August  23,  1965i  in  Partial  Fulfillment  of  tha  Requirement  for 
the  Degree  of  Mechanical  Engineer. 


An  inductive  measuring  technique  has  bae n  used  in  conjunction 
with  a  nonlinear,  twin  T  type  of  bridge  in  an  effort  to  corre¬ 
late  bridge  output  with  the  coil  core  electrical  conductivity. 

This  is  envisioned  as  being  the  initial  stop  in  designing  an 
Instrument  capable  of  detecting  changes  in  electrical  con¬ 
ductivity  of  a  two  phase  liquid  nets!  flow,  as  applied  to 
an  MHD  power  generation  cycle.  Dcfirite  measurements  were 
achieved,  but  poor  agreement  exists  between  the  present  theory 
and  the  data  obtained.  The  data  was  not  definitivs  enough  to 
establish  any  reliable  calibration.  Even  though  no  two  phase 
flow  measurements  were  attempted,  the  instrument  did  show  a 
potential  of  being  ueod  to  determine  the  relative  electrical 
conductivity  between  highly  conducting  materials. 
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With  the  recent  interest  ir.  space  no ver  systcn*  to 
produce  power  ir.  the  XV.*  rargc,  the  use  of  ill)  power  generation 
for  this  application  has  taker,  a  position  of  increased 
izportar.ee.  References  1-4  ccr.tair.  analyses  of  various 
power  cycle  arre.-.genents,  utilizing  hots  gas  and  liquid  phases 
in  none  portion  of  a  liquid  natal  J25  cycle.  In  all  of  these 
configurations,  it  is  of  prize  inportar.ee  that  the  gaseous 
end  liquid  phases  are  separated  as  completely  as  possible 
before  entering  the  generator,  since  the  elect-ical  co-Juc- 
tivity  (a)  of  the  pure  liquid  is  reduces  by  the  presence  of 
the  gas.  Tr.us  it  is  insortar.t  to  nave  a  knot-ledge  of  the 
relationship  between  the  ?»  -ccntage  of  vapor  and  the  equivalent 
electrical  conductivity  (c)  of  the  fixture  as  seen  by  thv*  gener¬ 
ator.  This  report  covers  work  carried  cut  in  the  initial 
phase  of  both  analytically  and  experiner.tally  date  reining  a 
relationship  beta.es  ine  equivalent  electrical  conductivity 
and  the  vapor  void  fraction. 

The  departure  point  for  this  study  va*  a  review  of  the 
various  derivations  for  equivalent  electrical  conductivity  of 
a  heterogeneous  ccdia,  all  of  which  car.  be  traced  bask  to 
the  classical  work  of  J.  C.  Maxwell  (5).  *  In  order  to  verily 


lusher*  in  parentheses  refer  to  references  in  the  bibliography. 


these  relationships,  *n  ir.dcct.iva  coil  measuring  technique 
was  selected  to  be  developed  into  an  ir.stru.-ent  capable  of 
detecting  saall  changes  in  electrical  conductivity,  k 
simplified  analysis  was  derived  for  the  equivalent  electrical 
■lapedance  for  a  coil  of  cylindrical  geometry,  having  a  core 
of  a  nonmagnetic,  but  electrically  conducting  material.  With 
the  establishment  of  the  design  parameters  for  the  coll,  it 
wee  then  poselble  to  construct  s  series  of  experiments  to 
detect  end  correlate  changoe  in  coil  parameters  with  electrical 
conductivity  changoe.  During  this  phase  of  the  work  such 
changes  were  introduced  by  using  solid  cores  of  different 
electrical  conductivity  instead  of  having  a  true  flow  situation. 

The  coils  designed  were  used  ir.  conjunction  with  two  typos 
of  cocparatlvs  null  bslanca  bridges s  the  common  Maxwell  bridge 
and  a  nonlinear  "Twin  T"  bridge.  In  order  to  obtain  tha 
necessary  sensitivity,  the  T  bridge  was  found  more  suitable, 
and  a  serlta  of  experiments  was  carried  cut  with  this  type 
of  bridge. 

Recordable  changes  in  bridge  output  were  detectable  with 
this  bridge  arrangement,  and  an  attempt  was  made  to  correlate 
experimental  data  and  analytical  predictions.  The  results 
shoved  qualitative  agreement,  but  poor  quantitative  corre¬ 
lation.  Doth  inadequate  equipment  sensitivity  and  theory 
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inadequacles  were  fait  to  be  tha  cause  of  tho  discrepancy. 

In  conclusion,  ettesot  vas  cade  to  explain  those 
differences  in  order  to  lasrove  the  sgreesont  between  the 
present  neasurecent  technique  end  theory. 


The  classical  derivation  of  the  equivalent  electrical 
conductivity  of  a  heterogeneous  sixturo  was  flrat  carried 
out  by  Kaxwall  {$).  Using  tha  assusption  of  a  normally 
hecogeneous  cedi*  lsterdisperscd  with  a  natsrial  of  a  differ** 
ent  electrical  conductivity,  Xsxvall  replaced  this  rate rial 
with  an  “equivalent*  eaterial,  equivalent  in  the  sense  that 
the  sane  electric  field  is  ralntair.ee  throughout  both  materials. 
Thus,  an  equivalent  electrical  conductivity  (0)  could  be 
defined.  Assuring  that  the  dispersed  phase  is  of  spherical 
particles  and  ia  sufficiently  dilute  so  that  no  point  con  toot 
exists  aaongst  these  particles,  Maxwell  vss  able  to  express 

• 

the  electric  field  in  tern*  of  spherical  harmonics  (La  Condre 
polynonials)  in  the  steady  state.  Ey  applying  the  electro¬ 
magnetic  boundary  conditions  between  the  two  phases,  ee  well 
as  considering  the  finite  character  of  the  fields,  the  constants 
of  the  field  equations  were  solved  for.  After  replacing  the 
heterogeneous  mixture  by  one  of  conductivity  0  ,  and  a  volume 
V  times  the  original  homogeneous  phase  volute,  0  wee  solved 

for  as  a  function  of  V  .  The  resulting  expression  due  to 

✓  * 

Maxwell  is  y 

JEt  'zes C&i-s;')-  (gr+ggQ 
(ST—  <5z)  — 
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vhere  2  is  the  normally  homogeneous  picao  and  1  Is  ths  dis¬ 
persed  phase.  (Sss  Table  I). 

A  group  of  Russian  works  (references  8,  10,  9  ) 
extend  the  basic  Ksxwsll  work  to  a  mors  generalised  fora. 
Xorr.oerJto  (9),  by  using  Gauss's  the  or  on,  related  the  volume 
characteristic  of  any  shaped  inclusion  to  the  boundary 
conditions  and  showed  hew  the  average  conductivity  value  of  the 
media  could  be  derived  in  &  care  general  manner.  ?liat  (10) 
presents  an  equation  derived  for  the  thermal  conductivity  of 
a  '■‘statistical*  nachanical  mixture  of  solid  materials.  With 
the  analogy  between  heat  flow  and  electric  field  theory,  this 
should  also  apply  to  tbs  presont  cess. 

lord  Rayleigh,  by  r.oglecting  Maxwell's  assumption 
that  ths  Inclusions  do  not  effect  the  field  in  the  homo¬ 
geneous  media,  extended  Maxwell's  equation  to  a  slightly  more 
general  fora.  Meredith  (6)  noted  the  incorrectness  of  both 
Kaxvoll  and  Rsylaigh  if  ths  spherical  inclusions  are  in 
point  contact.  He  derived  an  even  more  general  equation  by 
extending  the  electric  field  equations  to  include  core  tens 
of  the  le  Ceodre  polynomials  accounting  for  point  contact  le 
the  Unit.  Referring  to  Table  X,  a  summary  of  these  equations 
is  presented.  Figure  1  shows  ths  comparison  of  the  Kaxvoll, 
Rayleigh,  end  Meredith  equations  for  s  limiting  esse  of 


Table  1  Comparison  of  Theoretical  Stations  for  Savi valent 
electrical  Conductivity  cf  a  Two  Phase  fixture 
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Figure  1  la  a  rapraaantation  of  Xexwell's  raault  at  a  function 

of  void  fraction  and  tha  diapartod  phase  conductivity. 

To  coxplata  tha  discussion  of  tha  theoretical  work 

on  aloctrical  conductivity,  Reference  7  by  Fricks  contains  a 

derivation  for  other  than  a  purely  tphorical  inclusion. 

Fr  idea's  prise ry  interact  was  conductivity  of  blood.  Eis 

derivation  vaa  generalized  for  ellipsoids  of  rovolutioa,  with 

his  result  expressed  >r  &  function  of  the  ellipsoid  aspect 

d. 

ratio,  (a/b),  end  the  ™  ratio. 

The  nain  conclusion  of  this  work  as  applied  to  tha 

problaa  at  hand  la  that  there  exist  only  negligible  differences 

in  a  for  a/b  ■  1.0  (sphere)  ss  cospared  to  O  for  chances  in 

• 

a/b  ss  large  as  100  per  cent.  ^  " 


2.1  Mature  pf  the  Two  Phase  flew 


Sons  brief  eocaants  will  be  presented  as  to  the 
nature  of  two  phase  flow,  so  that  tha  preceding  rearrka  on  tha 


Table  11  Thaoraticil  Equivalent  Electrical  Conductivity 
for  Gas  Voids 
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applicability  of  the  a  expressions  con  bo  put  into  a  better 
perspective. 


Cna  of  tha  sain  objects  of  tha  KID  power  cycle  la  to 
coxlslse  power.  To  have  the  esxiaua  a  of  the  working  fluid, 
it  is  desirable  that  tha  percentage  of  vapor  be  as  asall  aa 
possible.  Thus  it  would  be  expected  that,  discounting  the 
affect  of  tha  oagnetie  field  on  the  vapor, • tha  flow  would  Boat 
likely  be  of  a  bubbly  nature— consisting  of  snail  vapor 
voids  dispersed  fairly  evenly  throughout  the  flow  field, 
deferences  20  and  22  review  the  nature  of  the  relationship 
between  void  fraction  {voluce  per  cent  of  vapor}  and  tha 
flow  velocities  in  tha  bubbly  flow  rsgina.  This  expression  is 
o t  the  fora 


k  review  of  the  derivation  and  deteraination  of  tha  constant# 

• 

la  not  required  in  this  work.  The  important  note  is  that 
this  aquation  should  correlate  for  bubbly  flow  in  the  range 
of  interest  of  this  prfger.t  XHO  generator  concept.  Thus, 
ij.  can  be  excused  that  Maxwell's  equation  or  a  codification 
yhqgeof  should  ha  adequate  to  describe  3  for  this  type  of  flew. 


With  on  initial  foundation  for  tho  analytical  re¬ 
lationship  betvaon  a  and  ©<  established,  axpericantal 
verification  is  retired.  This  requirement  is  cost  logically 
fulfilled  by  *  aeries  of  experiments  storting  with  determining 
changes  of  electrical  conductivity  without  the  complication  of 
two  phase  flow,  then  progressing  to  a  stagnant  flow  with  • 
vapor  phase  introduced  into  the  fluid,  and  finally  to  as 
coaplete  an  XH3  flow  situation  as  possible. 

The  major  problem  is  detecting  the  changes  in  C.  la 

inductive  coll  netted,  the  ceil  being  of  cylindrical  geometry, 

not  only  presents  s  good  flow  geo se-ry  for  ell  these  experiments, 

hut  also  permits  the  flow  to  bo  undisturbed  while  the  coll 

*seea*  an  equivalaat  conductivity  of  the  flow.  The  induction 

coil  netted  is  besed  oa  the  principle  that  by  applying  a  tine 

• 

varying  current  to  the  coil  windings,  a  magnetic  field  is 
established  within  the  core  specs.  This  tine  varying  sages  tie 
field  induces  sn  electric  field  in  the  core.  With  e  core 
of  sero  conductivity  end  rcsister.cclcss  windings,  no  reel' 
power  Is  taken  by  the  coil  and  core.  But  if  the  core  is  of 
a  finite  conductivity,  some  real  paver  la  absorbed  as  Jnvlean 
heat  lost,  thus  changing  the  equivalent  electrical  impedance 
of  the  coll. 
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By  varying  this  conductivity,  the  change  of  lspodtecc  can  be 
determined  u  a  function  of  conductivity.  An  operational  upper 
licit  is  established  by  the  olein  depth  phenomena;  for  at 
■infinite*  conductivity  so  field  cas  oxiat  In  the  core,  and 
thue  no  loaaea  will  be  induced.  4  brief  review  of  the  coil 
parameters  will  clarify  this  point  further. 

This  seararesent  technique  is  by  so  retina  new,  references 
14-17  contain  results  of  usis *  this  basic  technique  in 
measuring  conductivity  of  gases.  Sou-over,  a  limitation  that 
is  sot  restrictive  in  the  construction  of  these  experiments 
referred  to  is  the  Uniting  reatricticn  in  the  present  exper¬ 
iment;  that  being  the  aesunption  of  negligible  skin  effect,  or; 

«T« 

Since  references  14-17  are  eorctmci  primarily  with  the 

determination  of  "as  conductivity  in  the  crcer  of  13°  -  103  VrO/xatec, 

for  reasonable  coil  sixes,  the  frequency  of  operation  is  in 

the  megacycle  range.  As  will  be  subsequently  derived,  the 

.  • 

induced  electric  field  is  proportional  w  W  .  Thus,  the  - 
increased  sensitivity  of  these  expariaantal  setups  is  due 
to  the  higher  frequency  range  ss  cor  pared  to  toe  present  work 
in  which  0  is  about  10^  -  19s  XHD/cot er  and  the  skin  depth 
liaitatOto  the  10?  -  103  cycle  range.  Figure  2  shows  the 
relationship  for  skin  depth  defined  as,  ^ 


a>r-*0  §5  (2i%  1  ) 


[<3V>  * 

The  total  cor*  plus  call  reslstusc*  is  glv*o  ty, 

esr] 

Th*  p*rc*nt*g*  char.g*  In  resistance  with  ebang*  in  conductivity 

u’  .  '  3^)_ 

SlSV  + 

Sine*  the  analysis  vas  curried  out  for  th*  assueption  of 
Yl  -*i  £  h  fij  .l*  Halted  to  a  jtaxlnua  valu*  of  1.0. 
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Figures  3,1,  and  5  present  the  variation  of  the  charge  in 
cc^  to  a  function  cf  ^  ,  for  valuta  of  Q. 

Sir.co  to  obtain  the  greatest  change  in  ?.  or  2  the  operational 
frequency  W  =  2  i  f  would  be  such  that  c»V*,  thus  ^»J.O 
would  he  the  Uniting  value,  "res.  these  plots,  it  is  evident 


that  as  large  a  value  of  3  ns  possible  13  necessary  for 
adequate  detection  of  any  change  ir.  3^ or  Zg.  Q  is  li.il tod 
by  practical  coil  size,  and  thus  to  t  r.i>:i.iun  value  of  about  100. 


For  a  coil  of  Q  a  ICO 


^{%>  *5 ^ 


For  a  liquid  natal  core  of  cjj  10°  IfiO/sater  the 
change  is  3udue  to  void  fraction  variations  that  rust  he 
detected  is  of  the  order  cf  nigritude  of  (1/lO^J,  while 


for  an  air  core  being  replaced  by  a  copper  core,  tha  theory 

predicts  changes  on  the  order  of  25  tinea  the  coil  resistance. 

8  7 

Yet,  the  change  fros  a  copper  core  to  aluair.un  core  (10  to  10'  XKO/ratcr) 
is  of  the  ease  order  of  ucgr.ituce  change  as  that  duo  to  the 
possible  void  fraction  variations. 


It  is  clear  that  the  objective  of  this  expericent  le 
to  design  a  coil  of  os  high  a  Q  as  is  practically  possible,  and 
to  incorporate  this  coil  in  a  device  capable  of  detecting  changes 
in  the  equivalent  coil  reisitar.ee  of  1/10^  parts.  This 


suggests  sore  fom  of  null  balance  or  bridge  circuit,  la 


Fifturt  3 


I*'* 


lOOAftirMMte  359-710 


Fleur*  5 


Cor*  JMlu*  to  Skin  Depth  Ratio 
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ordinary  Wheatstone  bridge  circuit  is  shown  in  tho  work  of 
Reforor.ee  15  os  conductivity  determination  in  hypersonic 
wakes.  Yet,  as  previously  mentioned,  the  frequency  limitation 
due  to  skis  dopth  will  limit  tho  range  of  ordinary  bridge 
operation  for  the  present  application. 

3.2  Skin  Septh  limitations 

Before  a  review  of  the  experimental  measurements  is 

undertaken,  some  clarification  on  skin  depth  limitation  is 

<■* 

necessary.  By  definition,  the  sxir.  depth,  o  ,  is  that 
depth  at  which  tho  electric  field  in  a  conductor  of  finite 
conductivity  has  decayed  to  1/a  of  its  value  at  tha  surface. 

For  sinusoidal  steady  state,  S  is  given  by 

Thus,  for  O  -*-0,  j-vco  and  the  field  completely 
penetrate*  the  conductor.  For  ,  63  can  be  quite  high. 

e 

But,  ae  ffH'C*  ,  S—VO  and  the  electric  and  magnetic 
fielde  become  excluded  from  the  coro  region.  Xote  that  the 
fields  in  the  region  around  the  outside  of  tho  coil  still  exist. 
51r.es  1  is  a  measure  of  the  magnetic  field  storage^  below  tho 
skin  dspth  limit,  1  i*  constant  and  greater  than  the  value 
when  the  akin  dopth  is  exceeded.  For  a  fixed  and  Cf  , 
as  U>  is  increased  past  the  limit  of  S=Y*  ,  1  will  decrees#. 
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Therefrre,  changes  in  the  coll  inpedar.co  aro  no  longer  duo 
to  change*  in  R  clone,  but  also  to  changes  in  L.  For  « 

•  i 

two  phase  flow,  the  s'/in  dopth  Is  a  very  uncertain  quantity,  X 
being  dependant  on  the  flow  pattern  os  well  as  0  ,  In  order 
for  the  seasuresont*  to  be  independent  of  changes  in  L,  the 
range  of  frequency  operation  of  the  detection  device  is  restricted 
to  values  below  which  the  sltin  depth  le  exceeded. 


*t 


/ 


Experimental  verification  of  the  theory  hue  as  Its 
primary  elm  to  construct  end  calibrate  so  instrument  capable 
of  detecting  smell  charges  in  electrical  conductivity. 

The  calibration  would  be  electrical  conductivity  versus  some 
electrical  parameter  (current,  voltaic,  etc.}.  To  achieve 
this  aim,  two  sets  <f  experiments  vero  run  using  two  different 
colls  and  bridge  arrangements.  Soth  experiments  used  cores 
of  three  difforent  materials:  brass,  copper,  and  alunir.ua. 

The  first  experiment  consisted  of  a  standard  general 
radio  bridge  ,  (250  1),  arranged  as  a  Maxwell  bridge,  to 
maaaure  Q  and  t  of  the  coil,  both  with  and  without  the 
conducting  cores.  Due  to  the  low  Q  of  the  coil  erd  the  shin 
depth  limit  on  frequency,  the  bridge  was  unable  to  detect  any 
changes  in  output  due  to  core  conductivity.  The  operation 
was  also  limited  because  of  the  bridge  sensitivity  be'ng 
frsqusncy  dependant.  This  reduced  tha  accuracy  of  the  bridge 
st  low  frequencies  to  a  level  insufficient  for  detection  of 
the  theoretically  small  changes  lr.  output  voltage.  Therefore, 
another  bridge  arrangement  was  tested  with  s  new  set  of  colls. 

This  new  bridge,  referred  to  as  a  nonlinear  twin  T  type 
of  bridge,  ie  discussed  by  lion  (18)  ord  FSldvari  (19).  This 
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bridge  Is*#  the  td /an tags*  oft 

a)  Higher  sensitivity  than  standard  Xaxvell  bridge. 

b)  jiixlaa  bridge  sensitivity  is  independent  of 
frequency 

c)  Common  ground  for  input  and  output 

d)  Output  is  D.C. — no  rectification  needed 
«}  Staple  construction 

Two  oatchsd  coils  of  a  higher  $  were  constructed  and  rate  had 
to  the  bridge  circuit.  Corea  of  aluainua,  brass,  end  copper 
were  used  to  obtain  the  variations  in  0.  Changes  in  bridge 
output  were  detectable  with  this  arrangement,  tut  instrument 
sensitivity  end  accuracy  were  sccaingly  not  adequate  for 
calibration.  Qualitative  ngrocsor.t  could  bo  obtained,  but 
quantitative  agreement  was  poor.  A  rare  thorough  analysis 
of  the  theory  and.  operation  of  this  experimental  phase  will 
be  presented  and  will  explain  cose  of  the  discrepancies. 

Since  this  later  phase  provided  the  only  substantial 
data,  the  first  experiment  will  be  passed  over  with  the 
previous  comments. 

4.1  Konlinear  Twin  T  Bridge 

The  twin  T  bridge  is  esseatislly  e  bridge  of  two 
unbale lanced  ants,  the  measure  of  the  unbalance  being  correlated 
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wlth  the  variable  of  interest.  ?or  the  inductive  bridge,  e 
complete  review  of  the  theory  is  given  in  Soference  19. 
Koferring  to  the  following  sketch. 


t>.  L, 


the  bridge  consists  of  two  eras,  etch  containing  e  diode  end 
one  of  two  Identical  coils.  cy  applying  on  alternating 
voltage,  the  bridge  amt  are  alternately  conducting  end  open 
duo  to  the  diode  action,  la  the  conducting  ere,  the  current 
in  the  coil  builds  st  e  certain  rate  ccpanding  on  the  Use 
constant  of  this  arc,  while  the  current  in  the  other  ora 
decays, since  it  is  on  open  circuit.  Cn  tho  opposite  half, 
cycle,  the  reverse  happens.  If  the  2.C.  value  of  eft  is 
taken  for  e  balanced  bridge,  current  in  both  coils  builds  up 
at  the  sees  rate,  their  output  voltage  being  of  opposite 
polarity.  The  sua  of  the  D.C.  voltages  is  taro.  For  the 
unbalanced  case,  e  non  xaro  reading  of  tg  is  obtained. 
Assuaisg  on  applied  square  wave  voltage,  the  circuit  nay  be 


represented  for  each  half  cycle  at 


— M 


1  circuit  analysis  o'  each  hair  eye la,  assuming  that  tha 
current  during  tha  open  portion  decays  to  taro  lenediately, 
vaa  carried  out  by  solving  for  currents  and  ij  as  a  function 
or  tha  half  period,  7/2.  The  tins  average  oT  the  ssb  of  the 
currents  through  &0  represents  the  2.C.  output  of  the  bridge. 

This  expression  is, 

t  *  0] 


where  Rj  represents  the  total  resistance  of  the  (■»■}  half  cycle  circuit 


*1*  v  V***R° 


*  Diode  forward  real stance 


R#  *  Source  reaiataaee 


R#  *  Output  resistor 
Rj^  «  Coil  resistance 


The  coil  resistar.ee  is  equal  to  the  total  resistance  of  the 
coil  windings  plus  the  resistance  induced  in  the  core.  Initially, 
both  coils  have  an  air  core.  Then  one  is  replaced  with  a  core 
of  a  finite  conductivity.  will  differ  in  ouch  arm  of  the 
circuit  between  these  two  situations.  The  resulting  amount  of 
unbalance,  as  recorded  by  the  D.C.  output,  can  be  calibrated 
with  the  core  material  conductivity.  Vith  the  present  theory, 

R^  is  given  by, 


In  terns  of  Q  and  S, '  ,  is, 

however,  due  to  the  switching  action  of  the  diodes  in  the 
circuit,  one  of  the  basic  assumptions  of  a  sinusoidal  steady 
state  is  no  longer  strictly  true.  Thus  X.  cust  be  sodifled 
for  thie  condition  by  the  ratio  factor  (Appendix  B). 

Another  codifying  factor,  C,  is  introduced  to  account 
for  other  non  ideal  parasetors  Of  the  circuit.  With  both 
these  codifications  is. 
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.  yn.inrtie  prerr i  to  poll  »  <*  1 -f . 

wkor.  ratio  3  *  I  “  2  *  v 


C  =  A'on  ideal  circuit  parameter  correction 
Appendix  (B)  explains  core  fully  both  those  parameters. 


4.2  Bridge  Sensitivity 

The  bridge  voltage  sensitivity  can  be  defined  as  the 
change  in  output  voltage  due  to  a  change  in  the  resistance 
of  o no  arm.  Since  the  output  voltage  i3  across  3^,  it  is 
necessary  to  separate  from  the  total  3.  3  will  be  dofir.od  as, 

8,3  ^  ’  h  *  *.  +  *o  *  r  *  Ro 

Dividing  both  sides  by  a  (£*•£)  factor  this  is  now 
defined  as  a  type  of  Q  for  the  bridge. 

_? - X. 

2Lf  2Uf  ZL{ 

Keeping  Rj  constant  and  assuming  1^  E  Lj  ,  is  allowed  to 
vary  by  a  change  in  r^.  Taking  the  partial  derivative  of  with 
respect  to  r^  the  resulting  expression  is. 


I  <jr»  _  I J.  .i. 

&  c)r,  *  (W&1  *  fa*') 


tiiir*  . 

1.  l 


J 


[  J-  ^2 1, +  ti  +  Re 


whor* 


By  defining 


!»,  - 
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V. 

•aETf 

& 


Thus, 


*•  2t-.f 


end 


Wr, 


•  •*•  *Vh, 


Defining  the  voltage  sonsitivity  Sy  as 
C  — 

the  above  equation  can  be  written  as, 

A  r.ucerical  evaluation  appears  in  Figure  (6).  Soaa 
interesting  conclusions  can  be  drawn  fros  this  equation  by  looking 


at  the  Units  of  Sy  as  k  and  itfi  go  fron  xoro  to  infinity. 

a)  for  constant  kQ  as, 

S» — >■  Uniting  value 

k— >ca  Sv-^.0 

b)  for  constant  k  as, 

j^-V  O  Sr—s»©  , 

S»  —*>o  *l«*ce  ^ - -  J.  o 


Graphically  this  can  be  represented  by  , 


.  k 


%•  I*  K  «•  TO  n  IMfll  AC  M3* 
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Thus,  *  low  value  of  it  is  desirable  for  caxiEua  bridge 
sensitivity.  Yet  for  a  given  value  of  sensitivity  can 
be  increased  by  increasing  VQ  up  to  a  point. 

Since  k  increases  with  V^,  increasing  kft  tends  to  decrease 
Sy.  Thus  an  opticus  R  at  which  Sy  is  a  aaxisua  will  occur. 


4.3  Experimental  Arrangement 

In  order  to  achieve  as  high  a  sensitivity  as  possible, 
two  higher  Q  coils  were'  constructed,  loth  of  these  coils,  as 
measured  on  a  general  radio  1650-1  bridge,  had  on  inductance 
of  6  x  1C’3  Henries  with  a  Q  of  one  being  10  and  the  other  12 
at  1000  CPS.  Due  to  winding  difficulties  the  L  was  reduced 
froa  the  theoretical  value.  Figure  (7)  shows  the  coll 
dimension*  and  perimeters.  One  coil  was  constructed  to  accomodate 
the  reaoveble  1/4  inch  Betel  core,  while  the  other  regained  an 
sir  core. 

The  bridge  vat  constructed  using  number  A-D  junction 
diodes  of  the  following  characteristics* 


PXV  *  2 CO  Volu 
JD  C  sue  *  1  Asp 
:FWD  *t  X  Volt  »  1  lap 

Thu*,  tho  dieses  had  a  fairly  sharp  cutoff  point  and 
*  high  value  of  Uniting  current.  Their  forward  resistance  was 
1  Oha. 

The  output  resistance  vet  varied  by  using  a  general 
radio  decade  resistance  602-2  box,  with  decades  froa  10°  to  13*. 

A  balance  resistor  consisting  of  a  slide  wire  resistor  with  a 
taxi sun  resistance  of  .90  Ohs  vaa  used  to  balance  the  circuit  to  the 
ease  original  00  voltage  reading.  Both  the  slide  wire  and 
decade  box  were  outside  the  bridge  Itself,  the  bridge  box  con¬ 
sisting  of  the  two  coils  and  tho  diodes,  figure  (8)  shows  tho 
basic  bridge  circuit. 

Due  to  difficulties  in  KSintaining  s  stable  input  square 
vavs  signal,  a  cUppsr  circuit  vaa  built  to  Insure  a  constant 
voltage  to  the  asplifier.  This  is  shown  in  figure  (9).  • 

The  experimental  circuit  is  shown  in  figure  (10)  end  ^ 
contained  the  following  equipaentj 

a)  General  radio  power  supply  1233-3  with  GH  3-1  oscillator 
1210-C  0-30  Volt  peak  square  wave  input  signal  ■ 
t)  Cllpper-naxlcua  volume  «f  6.7$  volts  supplied  by 
nercury  batteries  with  a  variable  resistor  to  control 
the  voltage  to  the  amplifier 
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e)  Dyanfcit  audio  a=?lifior~eai»  constant  at  aV»ut  10. 

4 iZ.  output  teraisai  used  to  provido  low  input  ispodanc* 
for  tlio  bride*  circuit 

4)  Kovlett-P&clard  AC  V7VX.-40C3  to  sensur*  *t  into  bridge 
«)  Bride*  with  decode  bar  sad  balance  r**i*tor.  Low 
decades  used  to  cai stain  a  low 

t)  Hewlett-Packard  AC  \WX-4C03  to  taasur*  *0  of  bride* 

*}  Hewlett-Packard  3C  V7V7.-412A  to  record  the  D.C.  output 
of  the  bride*  due  to  the  unoulece*.  low  ecel* 
reading  to  1  x  10  ^  volt*. 

b)  Hewlett-Packard  C30-1303  to  coaitor  output  wave  * 
fora  pattern  as  well  a*  check  input  wav*  fora. 

The  core*  were  rad*  of  copper,  brass,  and  alvclnun,  all  of 
ab  at  12  in.  long  and  1/4  in.  dieter.  Ocs*  «pres«Ud  an 
epproxinat*  rang*  of  conductivity  values  of  (Reference  23 )* 

Copper  «  6.3  *  107  KKw/seter 
Aluainua  «  3-6  x  107  XB0A*t*r 
Brass  «  1.43  *  M7  Xi50/t*Ur 

4.4  BtperlaenUl  Procedure 

Tb*  beeic  procedure  wen  at  a  value  of  fretjuency,  to 
Mi  e4  end  record  with  both  core*  air;  then,  to  place  a  ^ 
aetal  cor*  in  tb*  variable  coil  end  record  *0  H*in.  Tbie 
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cor*  was  then  rosoved,  end  Iho  frequency  set  to  a  new  value. 

was  roistaiecd  at  the  sane  Initial  value  ad  the  procedure 
continued  with  the  sane  natal  core.  Only  on*  cor*  at  a  tine 
was  tested,  and  then  the  sane  procedure  was  repented  for  the 
next  cor*  with  the  sene  value  of  *i  ns  the  original  core.  *# 
was  maintained  constant  throughout  the  series  of  tests  of  all 
three  cores. 

Testa  wart  carried  out  for  noth  tha  square  viva  (with 
clipper)  and  sins  wave  (without  clipper)  inputs.  Sines  the 
sic*  wava  input  proved  superior  ir.  results,  only  this  case  will 
he  presented  and  discussed.  Toe  bridge  circuit  was  optimised 
for  caxlsua  voltage  sensitivity  with  n  sin*  wive  Input. 

This  caused  an  output  resistor  3fl  of  7.5  Cans  to  be' used  la  the 
circuit.  Inadequate  inairuncr.iahioc  prohibited  iny  experimental 
verification  of  this  as  the  opticus  load  resistor. 

4.$  acperixentel  Oats 

Data  was  obtained  for  tha  T  bridge  Cling  the  three  m-tel 
cores.  This  data  was  la  tha  fora  of  voltage  output  of  the 
bridge  for  air  and  then  natal  core  is  the  coil.  Cnfortucetely, 
the  data  was  not  extensive  or  good.  Difficulty  vt.  experienced 
with  the  lastrusaatatlon  la  obtaining  definite  and  repetitive 
readings;  tha  raadlag*  ware  not  definite  baenuse  tha  output  tended 
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/ 

to  ba  unstable,  oscillating  arou.-.d  scr.s  ccar.  point.  It  usually 
exhibited  a  suing  o f  ±  1/2  x  10  3  volts.  Che  rescinds  uore 
,  r.ot  ropotitivo  since  in  cany  instances  tho  output  would  drift 
or  not  give  the  ssce  readings  when  repented  at  the  sene  frequency.  - 
Possible  solutions  of  theso  difficulties  will  be  suggested 
further  on. 

Data  for  betfc  sine  and  square  wave  inputs  were  taken, 
(Appendix  C),  but  as  a  result  of  the  uncertain  readings,  only 
one  set  of  data,  that  for  the  sine  wave,  is  discussed. 

Appendix  (C)  lists  the  data  obtained.  All  readings  ere 
the  cesn  readings  of  the  voltage  output,  figures  (11)  and  tl2) 
shew  a  plot  of  this  dete. 

Another  lint  tat  ion  on  the  data  obtained  was  the  Halted 
range  of  the  output  catering.  At  low  scale  readings,  i-.**ability 
tmsed  poor  readings,  while  at  high  scale  readings,  lack  of 
adequate  S.C.  vacuum  tuba  volt  cater  sensitivity  was  tho  calc 
lisihatioc. 

In  the  following  section,  a  highly  limited  comparison  is 


♦ 


cede  between  this  sot  of  data  and  tha  predictions  of  the  theory, 


In  order  to  tore  fully  explore  fr.o  rnr.ga  of  the  theoretical 
predictions,  a  digital  computer  program  was  employed.  This 
program  calculated  bridge  output  as  a  function  of  frequency 
for  various  combinations  of  coil  and  core  parameters.  The 
equation  for  bridge  output, 


was  pj  ogrammed  in  Fortran  for  the  IE!  7093.  An  evaluation  was 
then  carried  out  to  attempt  tc  match  experimental  and  theoretical 
values.  For  the  data  in  question,  the  theoretical  calculations 
assumed  tha  following  values: 

R0-«  7.5  ohms 

*D1  *  *D2  ~  0  ohxs 
•/2»s»=  4*0  ohst 

*  Lj  =  6.0  millihenries 
<S"J=  0  Xho/meter 

0^=  6.3  x  10^  Copper,  3.6  x  10^  Aluminum 
1.4  x  10^  Sracs — Xho/meter 

Figure  (13)  shows  e  comparative  plot  for  a  value  of  C  *  1.0. 


S  71>X» 


Aluminum 

.Brass 
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Agrcorant  is  obviously  quantitatively  poor  wwt  (^Ual  itatively  good. 
Beforo  discussing  results  for  different  values  of  C,  s  better 
understanding  of  cose  of  the  limitations  of  the  theory  is'ncedtd. 

Upon  cosparing  data  and  theory  it  is  noted  that  both 
curvos  follow  closely  in  qualitative  nature.  Both  display 
maximum*  in  the  sane  frequency  range  and  thoir  order  in  magnitude 
is  ss  predicted.  But  unfortunately,  the  differences  overshadow 
the  similarities.  It  rust  be  emphasised  that  the  theoretical 
predictions  are  only  valid  up  to  tho  frequency  where  rc  * 
the  skin  depth  limit.  For  tho  three  cores  used,  this  frequency  1st 
Copper  St  500  cps 
Aluminum  ~ 700  epa 
Brats  jf  1800  epa 
aa  noted  in  Figures  (13)  and  (14). 

Kota  first  tha  rapid  decrease  in  the  data  at  higher 
frequencies  aa  cocparsd  to  tho  theory.  This  is  due  to  the 
skin  depth  limitation  that  is  unaccountable  in  tha  theory.  Sine* 
the  theoretical  relationship  between  R^  *  f  'is  valid 

only  up  to  tha  frequency  at  which  o=  Vi  ,  it  ss  restricted 
to  frequencies  below  this  critical  frequency.  After  this 
frequency  is  exceeded,  L  changed  and  an  unbalance  now  existed, 
due  not  only  to  R  but  also  to  1.  But,  past  this  frequency 
limit  the  change  in  R  becomes  less  sir.ee  the  fields  ere 
now  excluded  fora  the  core.  Thus,  there  is  less  induced  resistance 
than  prodlctcd  by  the  present  theory.  The  fact  that  tho  induced 


resistance  tacoaos  a  naxinun  near  the  initial  frequency  i. 
an  important  imitation  that  la  not  refloated  in  the  prosit 
theory.  Sir.ee  C.ie  critical  frequency  varies  with  core  conductivity, 
the  point  at  vnict  1  start,  to  dininlsh  and  the  bridco  cease, 
to  record  Just  chen^s  due  to  3,  will  vary  with  core  naterial. 

As  L  gets  less,  (2./^)  viU  tend  to  deercaao  even  faster,  due  to 
a  sore  rapidly  decreasing  CJ*j)  i»  *•  vicinity  of  the  critical 
frequency.  Sto»,  ‘-he  output  can  he  expected  to  cross  the  exi. 
at  .one  point  dependent  or.  the  critical  frequency.  Sine 
tfco  critical  frequency  decreases  with  a  higher  conducting  naterial, 
this  cro.s-ovcr  point  car.  'so  expected  to  s.-u. t  to  the  righ 
vith  lower  values  of  C.  It  the  linit.tfcus,  a.  6  ^>0  this 
point  will  he  at  infinity.  Thus  2*)  «perinent«l 

can  he  schematically  represented  as. 


/ 
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This  rapid  decrcaso  as  vail  as  the  exclusion  of 
the  Z  fields  fros  the  core  at  higher  frequencies  ere 
two  ioportant  effects  that  effect  not  only  the  shift  in 
peek  of  the  date  and  theory,  hut  also  tho  magnitude  of 
tho  output.  In  closing  the  discussion  of  the  skin  depth 
limitation,  it  should  he  noted  as  set  forth  in  Appendix  (B) 
that  a  true  sinusoidal  steady  state  does  not  exist  due 
to  the  diode  action.  Since  skin  depth  is  defined  on  a 
sinusoidal  steady  state  basis,  this  too  would  ho  somewhat 
effected  by  the  non-sinusoidal  behavior. 

_  The  quantitative  difference  between  theory  and 
experiment  ie  the  next  point  in  question,  one  that  is  not 
easily  resolved.  Figure  (13)  shews  approximately  two  orders 
of  magnitude  difference  between  the  theory  and  data. 

Figure  (14)  shows  theory  and  experiment  for  C  *  .01.  The 
shift  in  peaks  is  due  to  the  skin  depth  limitation  as 
postulated  previously.  This  means  that  cither  the  theory 

* 

predicts  values  of  Induced  resistance  ICO  tlmos  greater  then 
is  actually  the  cese,  or  the  theory  is  wrong.  There  are 
severe!  possible  pieces  that  this  discrepancy  could  arise* 

1.  Inconsistency  in  square  wave  derivation  of 
bridge  equations  and  sinusoidal  derivation  of 

2.  Incorrectness  of  due  to  skin  depth  limitation 

3.  Losses  within  the  actual  circuit  sot  accounted 
for  in  tho  theory  except  by  use  of  the  factor  C 
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Ths  first  possibility  should  sot  causa  say  significant 
differences,  sines  the  bridge  equations  should  be  of  the 
sane  general  fora. - 

The  second  possibility  is  hard  to  evaluate  without 
a  full  derivation  of  an  analysis  including  tha  skin  depth. 

If  the  bridge  equation  is  of  the  sens  fori  in  the  light  of 
1. t  a  scall  charge  in  can  strongly  effect  the  ungeitude 
of  A  /  2^  due  to  the  nature  of  the  equation.  An  indication 
of  the  change  is  given  by  the  curve  of  bridge  voltage  sensitivity 
at  low  values  of  >. 

As  hypothesised  in  Appendix  (S),  the  factor  C  iv 
used  to  account  for  losses  of  power  in  the  bridge  that  could 
reduce  the  power  to  the  coil,  and  thus  the  strength  of  tfce 
induced  field  within  the  coil  core.  These  lessee  include: 
contact  resistances,  rutuei  inductance  between  coils,  ua- 
balasces  la  and  JL+  /  .  Kowevar,  all  of  than 

would  appear  to  be  snail  effects,  and  not  sizeable  enough  to 
cause  a  reduction  of  a  factor  of  IOC  in  bridge  perfor.- area  - 
Theoretical  results  have  indicated  that  an  unbalance  in  L  of 
10  i  causes  a  reduction  in  output  of  about  f£,  while  en  unbalance 
in  jTL  of  25?  causes  a  reduction  of  about  5?.  The  nutual  Inductance 
between  the  colls  reduces  the  power  to  the  coils,  therefore 
also  reducing  the  sensitivity  and  output.  The  cagnltude  of 
this  change  is  not  known,  but  it  would  seen  to  be  snail  for 


the  coils  and  field  strength*  involved  here.  Thus,  the  factors 
which  C  i*  related  to,  would  appear  to  be  of  a  seconder/  nature. 

Until  better  data  is  obtained,  nothing  positive  can 
be  forsulated  as  to  the  correctness  or  incorrect ness  of  the 
theory.  Since  better  data  is  prlxary  to  an/  reliable  cali¬ 
bration,  a  need  for  a  revision  of  the  theory  would  be  dependent 
on  this  data. 

Turn  for  a  tenant  to  the  reasoning  that  tho  theory  is 
correct  but  that  the  data  wrong.  This  has  as  its  only  support 
the  possibility  of  faulty  bridge  or  coil  construction.  This 
will  be  proved  or  disproved  only  upon  construction  of  a  new 
bridge  end  obtaining  of  sew  and  better  data. 
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6.0  Ccrcluslo-:* 

Conclusions  con  bs  ve ry  briefly  summarised  ss  follows: 
using  s  nonlinear  twin  T  type  of  triije  in  conjunction  with  sn 
induction  coil  technique,  s  method  of  determining  the  relative 
electrical  conductivity  between  highly  conducting  material*  has 
been  developed.  It  present,  the  theoretics!  ntsis  of  the  method  . 
agrees  only  is  a  qualitative  way  with  the  snnll  amount  of  date 
oltaldci  Is  this  prclirisiry  sttiy.  ;:c  tutisficiory  c-pltrstion 
as  to  the  quantitative  differences  has  yet  teen  formulated. 

Kcwcvar,  it  is  Important  to  note  that  in  the  cvcntunl  (Uralopnent 
of  an  instrument,  theoretical  and  experimental  agreement  is  but 
a  point  of  satisfaction,  since  the  primary  concern  is  an 
accurate  and  repeatable  calibration  from  which  the  unknown  eor- 
ductlv.ty  of  a  notarial  car.  then  he  nctc/mincd.  7ee  initial  goal 
of  this  study  was  to  determine  toe  equivalent  electrical  conductivity 
of  a  two  phase  liquid  natal  flaw.  This  directly,  haa  cot  been 
achieved.  However,  the  present  technique  represents  as  Initial.' 
step  in  that,  direction. 
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coil  viauct 


it  1*  asemrf  that* 

1.  Th»  skin  depth  is  cat.  «ao«tdsr.,  S-iVj. 

2.  Scaiigibi*  C;  rp.'.J-catuort  current.  ;~»  O  C, 

v-  .  ' :  •  •  •  *•  V  ?<ie 


A*  Cba  coil  windings  can  be  spprox  lnatcd  by  a  xaro 

1  *I7'« 

order,  tiss-varying  current  shsat  of  magnitude 
a*.  V-Y» 

5.  Tfca  coil  windings  are  of  isfiritc  conductivity. 

.  8.  The  cor*  la  of  roe-sage* tic  material:  A 

7.  JUaus*  a  ainuaoidal  steady  state  exsista.  Tmia 
all  time-varying  quantities  can  be  repr a  seated,  la 
complex  notation,  a*  proportional  to  a* 

8.  Neglect  all  field  external  to  r  *  r  . 

9.  Tfc*  solution  can  be  carried  out  in  a  form  of 
successive  approximations,  1.*.,  by  sisviming 


the  total  field  is  the  sun  of  tn  infinite  series 
consisting  of  terns  of  differing  degrees  of  tino- 
viriatioc  (See  Reference  71,  rtno,  Chip.  6).  Thus, 


,  K  „  T 

i  J?0  “i 


etc. 


where  subscripted  tern*  will  be  referred  to  e»  • 
the  zero  order,  first  order,  second  order,  eto.  of 
the  field. 


Tbo  following  rotation  will  ca  adopted* 

*)  Single  rub  tar—corol-*r  'uaititv  » 

b}  Single  super  bar— weirr  tH-naSty  1 

c)  Super  and  sub  ccr — corpltx  vector  I 

Thus,  if  *  K0  cos*'*,  introducing  couple*  notation 
mSt 


VicoaNi 


s-  «•  J 


where  K^ie  the  «*pl*c  conjugate  of 

All  unite  will  be  in  the  ration- 1  system.  In  .con¬ 

ceptual  fora,  the  sero  order  current  will  cause  *  aero  order 
aagcotle  field.  This  in  turn  induces  *  first  order  elec trie 
field  ewpoeed  of  e  adenoidal  field  due  to  the  vjo  ord or 
cegnetie  field  end  *  eontcrvetlv*  reaction  field  due  to  aa 
induced  surface  charge.  The  solenoids-  field  in  tum  induoec  o 
firet  order  sngaetie  field,  thus  giving  rise  to  a  second  order 
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elactric  field  in  tte  cor*.  Ore*  the  proper  field  relationships 
are  established,  pointing's  theorem  can  be  used  to  determine  the 
power  flow  into  s  control  surface  around  the  core  since  the 
fields  outside  the  core  are  neglected.  Proa  this,  the  tins-  • 
averse*  power  relationships  for  the  coll  due  to  the  applied  end 
induced  fields,  can  be  derived. 

Throughout  the  analysis  the  notation  of  3*f  arena*  11 
will  be  adhered  to.  411  quantities  will  be  of  a  oosplex 
tin*-  varying  nature. 

* 

Zero  Order  Fields 

Tbs  sero  order  l-taxuoU'n  equations  are, 

V*S*-»o 

V-3  -o 
7’  &  »o 
7\k«0.  ■»  o 

By  assuaption  IT,  3^  are  both  ssro  within  the  cor*  and  with 
an  applied  current  sheet  at  r  *  r#  of, 

Free  the  second  relationship  tad  boundary  conditions,.  the  mere 
order  sagnetie  field  ie. 
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First  Order  Fields 

s  —  — jw/-**®]!* 

7.  G,|,  s  o 
-° 

V  *•  Hi  -=777  -*JW  C»£.» 

T7*^  =0 

In  solving  Tor  the  electric  field,  it  is  noted  that 
At  the  surface  r  *  rc,  2.  is  exposed  of  two  parts,  a  conservative 
anil  solenoidal  portion  i««w 

17  *  E,  ♦  ST  *>° 

_1  _2S  .  □£  *>OiL  _ > 

Vi  -£j  . 

The  conservative  component  crises  frra  tho  induced  surface  charge 

is  the  coll  which  is  required  to  n««t  tho  condition  that  no  field 

exists  within  the  coil  windings  ( >£^*r=  ^  )•  Solving  for 

E  at  r  1  r  froa  the  equation, 

—id  «  1 

7*  f,  =  -j  oV*.  H. 

results  in. 


—  ZijfcMve 


*L  A,  J  2 


Froa  la  Place's  equation  and  the  ccundnry  condition  of  no 
field  existing  parallel  to  the  coil  direction  (ic<jil  direction) 


can  be  solved  for, 
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S—T)  [¥*]  “(If) 

With  tho  volt*s«  across  the  coil  defines  tgr  9 

A. 

^  -  f  E‘  J}  - 

S’ubsUtutiiftg  for  E^g  ,  btcocts, 

V»  .  j  w>*.  Tr<?  j£s* 

For  &  cylindrical  coil  of  ir.fir.it*  length,  tho  inductance  L, 
con  to  defined  as 

L  *  T^^yfeabL*' 

u  Jfc 

That  Ucwu, 

V»«.  jaUX,-*  L 

which  it  tho  Faraday  induction  low  rtlntlonshi?.  Continuing  tha 
solution  for  tha  first  ardor  fields,  tha  first  order  nagnetic 
field  is  solved  froa, 

•  Vx  H.  -  7, 

since  2*  is  taro.  For  t  linear  core  natorinl  of  corductirity  (  0~  ) 

i'E-  '•'•• 
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Thus,  substitutin'  for  J\  , 

_ k 

Taus,  the  effect  of  a  finite  core  conductivity  to  Men 
to  enter  Into  tho  analysis.  Sote  that  this  is  not  .-slid  for 
casas  In  which  a  is  such  that  Y“  f  .  X  solution  for  this 
cess  can  ha  carried  out  sinila s'._-  to  that  fo-r-d  is  Kt.es  (Seferesce  22, 
PC-  205). 

Second  Order  Fields 

Is  order  to  canpiote  the  derivation  of  the  fields 
required  for  applies ticc  of  the  ?oynti.\;  thuorca,  tho  ascend 
order  electric  field  is  seeded.  7nis  is  sivea  by. 

Solving  for  Kj  within  the  core, 

—  l&A 

Sole  that  the  induced  Ej  field  is  proportional  th  a  air'  CO  * . 

£a*tcally  it  is  the  real  power  due  to  obxic  least,  caused  by 
this  field  that  causes  the  chases  la  -oil  ispjsaice  due  to  the 
presence  of  a  core  of  finite  conductivity. 

Fower  iUlatiooahipe 

Within  the  power  series  approximation,  the  total 
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Poyr.tlng  vector  1*, 


2  =  !a  +  fl  +  h +  — 


vhoro  £  the  corplax  Poyntir.-  vaetor,  can  Le  round  froa 

v»§)  ~~~z.  CS'‘2a  '2/  ^ 

— 2j6_> 

7".  j*  s  _  J-  £jT*  3  v-  £  *t?  2°  "2  ) 

-~"2  j  &  ( I  i>*  ill ■•*  —  *  &  ■  29"~j  *  l } 

Substituting  the  previously  derived  field  expressions,  and 
ir.tcgrs.tins  the  Poynting  vector  over  tha  control  surface  of, 

ttjs  virlti. 


Y~\  'r®"srv^ 


results  in  expressions  for  the  tine-average  paver  dissipated  in 
the  control  volte# V 

<P.>  -  o 
<P,>  -o 

•  <<?,>  a  jw  jfj<p  L  n;* 

’*  '  *  <&>-•  [Ufflinter 

«  w 
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vhorc  L=  y-vo ■  j_  and  I  is  the  magnitude  of  thi  impressed 

■  —?r  o  °  r 

current.  Tho  total  ti no-average  power  supplied  is, 

<S->= 

whore  V.  is  tho  terminal'  volte -o  ir.-.ressod  across  the  coil 

If  the  coil  ho*  o  fir.ito  resistance  jQ,  ,  dud  to  a  ncu- 
infinito  conductivity,  the  power  loss  due  to  thi3  is. 


Equating  the  input  power  to  that  dissipated. 


<<=Y,>  =  ^  - 


tr.y0 

2 


Supplied 

Power 


Sssistivc  power 
loss  of  coil 


Scuctiv*  power  Induced  resistive 
loss  of  core  power  loss  of  core 


The  magnitude  of  the  power  can  be  csrlvcd  by  combining  real  and 
imaginary  parts.  Thus. 


~T** 


] 


noting  that  ths  coil  inpeaar.co  as  seen  across  the  coil  terminals  ■ 
is  defined  me, 


Ve 

T0 


7, 
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end  defining  the  ratio  of  coil  uagr.etic  energy  stored  to  the 
resistive  power  dissipated,  as  the  ratio  Q 

Q=  U,l>- 


this  expression  can  be  algebraically  rourrosged  to. 


jk  »  f  i  *  <?  ( 


?roa  the  definition  of  shin  denth, 

c_  r_2~  -sf-u 


^  k  U>|Ml  • 

this  can  ce  further  reduced  to, 


Defining  the  ratio  of  coil  radius  to  shin  d-  a  as 

.  final  expression  between  equivalent  coil  inpcdanco  and  the 
oil  parasotere  is  obtained. 


•  Separating  real  end  issglrsry  parts  of  the  above 
pression  yields  the  following  equation  for  the  total  aquivalent 
11  and  core  resistance 


[l+  “ 


as  given  in  the  text, 
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App cndix  3  Tffgct  of  Vor.-s’r.-.-.-r.'.-M  f;.r.v?v  ST'.t->  gg^vjer 
of  the  3rjd-,?  f.rd  Q-.hor  5ridra  lossoj 


A  basic  assumption  in  the  dc-r ivatioa  of  the  fiela 

equation*  for  the  coil  ia  that  a  sir.usoical  sternly  state 

exists  in  the  coil-core  ccmbination.  However,  in  the  7  bridge, 

the  diode  action  ctusa*  the  sinusoidal  input  to  be  switched 

before  a  full  cycle  i*  completed.  Thus,  n  full  sinusoidal  steady 

state  i*  not  established.  Sana  .'ccovsting  of  this  recuctioa  in 

power  to  tho  coils  can  be  derived  as  follow*. 

*or  65  input  of  sero  frequency,  tha  coil  coos  recoive 

tho  full  steady  *tat*  power,  while  for  infinite  frequency 

no  power  input  got  a  into  the  coil.  This  power  fees  into  the 

energy  stored  in  the  magnetic  field  plus  tho  eddy  current  losses 

in  the  core.  Tha  energy  is  the  magnetic  field  of  the  coil  is 

given  ty  1/2  LI*,  if  tho  bridge  circuit  is  assumed  to  ce 

an  3-t  circuit,  tha  expression  for  currant  in  the  transient  • ' 

*»  • 

•tete  is  given  by  Fiwge.-ald  (Seferanea  12,  pg.  162) 


<•=  -J.  (U>'5-T<41  S/M 


; 


where  R  t  R#  ♦  Sj,  «■  Sq  +./!. 

Therefore,  the  energy  per  cycle  input  to  the  coil  is. 


.  s, ] 


rq/1 


-l  tot. 


W;.Cet» 
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for  &  complete  steady  state  f — >  1  anc  tha  scova  oxpression  J.a, 

JLLZr 


This  represents  tho  caxlnua  csgnotic  energy  input  tc  tha  coil. 
Tho  ratio  of  the  Xsxiuun  to  transient  energy  is, 


Ratio  =  /-  JifM  e“  *  +  eT  v 

S 1W  (tu'U-'y)  S/,JV 


forO  s  a  it  t  -  l/T  and  t  =  T,  this  reduces  to, 

.1/,  -2'/L* 

Ratio  =  J  -“2  e“'^  *  £ 


If  it  is  assured  that  tho  induced  resistance  of  the  Mr* 
it  proportional  to  the  rsgnutic  energy  to  the  coil,  the  ratio 
expression  represents  the  fraction  of  induced  resistance  for 
tho  core  due  fo  the  lack  of  a  full  sinusoidal  steady  state  being 
established. 

A  plot  of  this  expression  for  tha  cxpcrinest-1  circuit 
is  shown  in  Figure  (21).  Mote  thst  et 

<f  a  0,  Ratio  a  1.0  • 

f  so,  Ratio  a  0 

Thus  for  short  trar.siest'perieds,  only  a  snail  fraction 
of  the  cexiaua  energy  ia  input  to  the  coil. 

Appendix  A  derives  the  expression  for  the  total,  coil-core 
resistance  as. 


[i-y 


/ 


SLfXLX.  »*I.O 
R.»VS 
f't »  <\.o 


M-kU  MININ  DMtH  UM^  IMIKtllTtllKM 


t»«*  Cent 

-*1*4.0 

r*  *.»»»*'*■•/#» 


frequency 


•1111 volte 
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APPEKDIX  D 


COKPU’ER  PROGRAM 


PROGRAM  FOR  CALCULATION  OF  T  ttRIDGE  VOLTAGE  OUTPUT 


C  B  T  LUBI N  NONLINEAR  T  bRIDGE  VOLTAGE  OUTPUTCALCULATION 

DIMENSION  ROODO).  SIG1  (100).  SIG2  (100).  F(500).  E»30 

RFAO  2.  J,  L.  M 

- 2  '  FORMAT!  313  )  '  -  - - " 

RFAD  4  •  {  RO(K)  *  X*  1.  J  ) 

- 4 - FORMAT" t” 6E1 0#3  ") - ________ 

READ  4.  (  SIG1 (I )  .  I  >  1.  L  ) 

-  -  -  READ  4.  (  SIG2  I  I  I)  .  II*  l.M  )  ~ 

READ  4  ,  RS  .RD1.RD2.OMEG1.OME02.XL1.XL2. RADIUS. FMAX. RATIO 
-  PRINT  12.  RS.RD1.RD2.0MEG1.0ME62.XL1.XL2. RADIUS. FMAX. RATIO 
12  FORMAT  (  2UH  T  RRIDGE  OUTPUT  II 

- 1~13H  in;>ut-data - - — 

2  2X.8H  RS*  E10.3.2X.6H  RD1*  E10.3.2X.8H  RD2*  E10.3 

3  2X.8H  0MEG1*  E10.3.2X.8H  0MEG2*  E10.3.  2X.8H  LI*  E10.3. 

4  2X.8H  l2*  E10.3.2X.8H  RADIUS*E10.3.2X.8H  FMAX*  E10.3* 

- 5  2X.8H  RATIO*  E10.3  //  T  ~ .  . . . . 

00  4000  X  ■  1.  J 

- D0“3000— J'"*— 1 .  L - - “ 

DO  2000  II  *  1.  M 

PRINT  14  .  RO(K)  .  SIG1I  I  )  .  SIG2  (II)  "  - 

14  FORMAT  (  /  18M  OUTPUT  RESISTOR  *  E10.3.  7H  CONDI*  E10.3 

1  7M  C0ND2*  £10.3  II  »  — . . 

PRINT  16 

- 16 - FORMAT  C  20H  OUTPUT  CALCULATIONS - / - 

1  IX.  10H  FRE0UENCV.2X.1uh  EOUT/EIN  .2X,  10M  RC0RE1  »2X 

2  10H  RC0RE2  .2X.  10h  RESIST1  -,2X,  10H  RESIST2 - *» 

3  2X.  10H  RATIO  /  ) 

C  START  OF  CALCULATIONS  . . . . . . . 

RAD  *  RADIUS  *  .0254 

- XMU  *“.01)000126  - 

F ( 1  )  ■  1.0 

•  PI  ■  3.1*  -  ~  - . -  - - 

DELT  ■  1.0 

-  E(0  )  *  0.0  - . . —  •  - 

00  1800  N  »  1,  300 

- XR  •*"  RS '  ♦  R01  ♦  R0(X>-  ♦  0MEG1 - 

i  «  XR/  (XL1  *  FIN)  ) 

-  XRATIO  *  RATIO*!  1.  -2.*EXPF(-2)  +  1.  *EXPF(-2.*Z  "> - 

A  «  I  XMU  *  RAD  »*2  *  I  2-  *  PI  )  »*2/8.  )  *  XRATIO 

RC1  *  0ME61*  (  1 •+A*SIG1 ( I )  *  XL1*F(N)  **2  /  0MEG1“> - 

RC2*  0MFG2*  (1.+  A*S IG2 (II)  *XL2  *F(N)  **2  /  0MEG2  ) 

- Rl-*-RS- *-R01  *  RO(X  )■  ♦  RC1 - - - 

R2  ■  RS  ♦  RD2  +  R0(K )  ♦  RC2 

R  *  (  ft?  -  R1  )  /  (  R1  *  R2  ) . .  . . . 

XXI  «  R1  /  (  2.  »  XL1  *  FIN)  ) 

XX2  «  R2  /  (  2.  *  XL2  *  FIN)  >  -  - 

XXXI  ■  I  1.  /  XXI  )  *  (  EXPFI-XXl  1-1.0  ) 

- XXX3-*-XXXl  -/-  R1 - - 

XXK2  *  I  1.  /  XX2  )  *  (  EXPFC-XX2  1-1.0  ) 

•  XXK4  «  XXK2  /  R2  -  — 1 - -  - 

EOEI  *  (  RO(X)  /  2.  )  *  (  R  ♦  XXX3  -  XXX*  ) 

E(N)  •  EOEI  . - . .  . .  *  * 

C  PRINTING  OF  OUTPUT 

- PR  I  NT-1 8  *  F I  N  >-  »  -  E  <  N )  -.  -RC-l-.--R«--r-ftl-r-R2-.-XRAWO - 


18  FORK AT  (  7E12.5  > 

C  FREQUENCY  CYCLE  CALCULATION 

IF  (  FIN)  -  FMAX  )  100  .  100.'  2000  - 

100  FIN*1  J  ■  FIN)  +  CELT 

- IF  t~ FI N+1  )  -/-0ECT"-'DFCT-1 - rflOOTTBO 

120  FIN)  *  0.0 

•  BELT  «  10.  *  DECT 
FI  N  1  )  ■  FIN)  ♦  DECT 

*1800  CONTINUE -  -*  -  ' 

2000  CONTINUE 

—3000 — CONT I NUE - 

4000  CONTINUE 

“ . -CALC  EXIT  "  *  - 


END 


